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CLASA A VIII-A

Inegalitati in multimea numerelor reale

H

H

Se spune ca relatia care guverneaza cu adevarat matematica este cea de inegalitate,
egalitatea fiind un caz special. Cunoasterea rezultatelor de baza, a inegalitatilor remarcabile si a
tehnicilor cu aplicabilitate larga este neaparat necesara.

Amintim proprietatile fundamentale ale relatiei ,, <’ in multimea R.

. [
1. a<a,oricarearfia ~ R

2. dacaa<bsib<aatuncia=>
3. dacaa<bsib<catuncia<c
4. dacia<batuncia t+tc<b+c

5. dacaa <bsic >0 atunci ac <bc

[

6. dacia <bhsic <0atunciac>bcsi ¢

7. dacaa<bsic<datuncia+c< b+d

=

0|

8. daca0<a<bsiO<c<datunci 0<ac<bd

- .t = hE
9. dacaOSaSbatunma =b

10. * >0, oricare arfix R

11. dacia >0, |x| <a <=

12. dacia>0, x| >a <=>

x € [—a,a]

x € (—owo,—a] U [a, +=)

In aceastd lucrare vom face dese trimiteri la inegalitati clasice pe care le vom trece in
revistd, vom prezenta inegalitdti simple si diferite forme ale lor care pot fi folosite in alte

exercitii.

Inegalitati remarcabile
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k = ﬂ,k_l

1. dacd a > I, atunci @ ,oricare ar fik > 1

k o ﬂ,k_l

0<a<1I,atunci @ ,oricare ar fik > 1

(a™ —b™)(a" —b") =0

g . . [
2. daca a <b, atunci , oricare ar fim,n — N

1

3. at+a>2 oricarear fia > 0

1

4, ¢ +a<-2 oricarearfia <0

1,1
Ly2)
5. (a +b)(ﬂ b/ >4 oricare arﬁa,bE (0, +00)

1,1 1
——|———|——)
6. (a+b+c)(a b ¢/ >9 oricarear fig, b’CE(D,—l-m]
<« —  —Vk-+k—1 — > —— = Jk-Vk+1
7. 2Vk  Vk +vVk-1 G 2k VR+veer YTV

a®+h? (a+b)2
>N 2 , oricare arﬁa,bE R

8. Z
2
2 2
a“+h a+b — I,I
i - TR .
9. a+b > 2 >Vab>a™b gicarcarfia b> 0

10. a®+b"+c” 2ab+tac+ bc, oricare ar fi a,b,c R
11. 3[a‘ th itz (a+b+c]‘,oricare ar fi a,b,cE R
2 bz 2 1
T2 > -(a+b+c) c .
12. at+b+C 3 , oricare ar fia,b,c - R+
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Vatbrcz=L(Va+Vb+4e)

13. , oricare ar fi a,b,c € R:
2 E e 2 - . - 2 . . . 15
14. n(ay + a3+ +ay) = (ay +a, +- +a,) , oricare ar fi % € R, i= Ln
nipt +b\"
a > (a ) e
15. 2 2 , oricare ar fi Nsiab>0
[ [ a+r
16. dacio< b ,atunci® B+ oricare ar fir > 0
a i a+r
1<
daca b atunci?  B+r  oricarearfir >0
+ . €
17. la — b| <la| + |b|, oricare ar fi a,b = R
18. [|a] -|b|| < |a - b|, oricare .':1rﬁa,bE R
1 1 1 1 1
—_— =< — _ =
n?  nn (n-1ln n-1 =n
19.
20. dacéx,yEZsix <y,atuncix + [ <y
C XX, x_o=0 . g = .
21. daca "V Em si ™1 txpttx, =k (constant), atunci produsul
. ===y =&
R *n este maxim cand ~ * "’ "oom
22. daca ™1 *z " T k, atunci suma 1 T2 "% X o0 minima cand
Xy =X, = =xn=%@

23. Inegalitatea mediilor

n
m n 4 g+ iy
ay az an<\/a1'a2""'an< n
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= .-

. = . a;
a;>0,i=1mn , cu egalitate <=> " J

unde

1 1 1 9
T G | G e e X
O consecinta imediata 2, @y an

24. Inegalitatea lui Cauchy — Buniakovsky — Schwartz

(a? +a,2++a, )b +bl+-+b2) = (ayhy+a,b, ++a,b,)*

i ﬂj
bi bj .
: 4 oricare ar fi

unde % si b; € R, i=1n .Egalitate daca si numai daca

min a; = Mme,, = m, = m, < maxda,

25. dacin>2,% >0,i=1n atunci

26. Inegalitatea lui Minkowschi

i ] ) i ] - E i ] - E
NEETE S L SRITE S C N T RN L o S R o il S L e i o e
b

oricare ar fi Xi"Yi € R, i=1mn
27. Inegalitatea lui Cebisev
= dy =S dy
(bighysesby (@bt ab) =0 (a o+ a) (bt 4 b
Daca 1~ 72 n atunci :

a, £a; = za 5
Daci by 2 by 22 by atunci @101 T T anb, < (e +a;+-+a,)(by+by, +-+b,)

a;, b; € R

Probleme rezolvate
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1) Sa se demonstreze ca daca ™Y € N, x> 2siy>2atuncix +y < xy.

1 I4ic1
Solutie: x+y <xy <=> *¥ ==X ¥

I+icisiog
Dinx >2siy>2 =>* ¥ 2 2

1 :::, . &=
2) Sa se arate ca2 Zn+ 1,0rlcare arfi™ EN .
m 1 —
=, m=Ln
Solutie: Se demonstreaza ca m+1 2 si obtinem
1.1 2.1 3_1 n o1 _:}123 n o1 <=
2 2" 372" 472" n+1 T 2 2 3 4 n+1 — 2n
1 1
— == <=>=2"=n+1
n+1 an
a+b a b
€ W ) < +
3) Dacaab,c ~ Ry, atunci atb+c  a+c  b+C |
a+b i b a b
= +
bic |

Solutie: a+b+c a+b+c at+b+c a+tc

4) Sa se demonstreze ca:

1 1 1 3
Sttt <y

n2 4



5)

6)

Solutie
1 1 1 1 1
2_2+3_2+ "+ﬂ7{2—2+ﬁ+3
1 1 1 1 1 1 1 3
R A
Sa se demonstreze ca:
1 1 1 1
- — 4+ — 4. +— =1
2 101 102 200
1 1 1
1 + 1 R 1 - 1 4 1
101 102 200 101 101
Sa se demonstreze ca :
13,5 »® 1
2 4 6 100 10

a

Solutie: daca 0 < a < b, atunci b

1 2 3 4 99

S 22 ==

= 2 3 ¢ "3 100
1 3 e 2 4 100
—_— — ¥ L] C:: —_— — & . —_—
=2 4 100 3 5 101
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1 1 1 1
I T L R L R L
1,1, 1 _100_1
200 200 200 200 2

100

T TRRET T

a+k
b+k

k=0

100
101
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2
1 3 9% 1 1
(3 2) <<
=2 4 100 101 100
1 3 S 1
—_ . — —_— .::_"':_
= 2 4 100 10

7) ab>=0mn€ N* = (1+§)n -I-(l +Z)n 32’”1.

Solutie:

(1+9) +(1+2) = 2H|'|{1 +2)(1+Y) = zﬁq{lz +2+222/@+ 2" =2V27 =

2?‘!+1

a b
beg 0} 2+2|2 2

8) Oricare ar fi a

a b
—4=
b a

2+b*-2|b| —|b)?
b 2lblal o Gal=lo?

=2
T <= lab] lab|

Solutie: . Egalitate pentru

_ 16 _ .13 12 _ .5 2 _
9) fl)=x A X x+1.Sasedemonstrezecaf(x)>0,

. xX e
oricare ar fi R.
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Solutie: pentru x < 0, f(x) este suma de termeni pozitivi

pentru * € [01Lf(x)=(1—x)+x*(1— 2 +x2(1—x) +x¥®* =0

. X E
oricare ar fi R.

pentru x > 1, f{x) _xPt 1) bt - ) x(x—1) +1

f(x)= D, oricare ar fi * < R,

Vvx+1 4+ +42x—3 + 450—3x =12

10)

Solutie: * +b+ec=3(a®+b% + C‘j,oricare ar fi & b,c€ R:

Vi+14vV2x—34+V50—3x</3(x+14+2x—34+50—3x)=+3-48=12

11) Daca xy,z > 0, atunci Jx(v+ )+ Jyv(z+x) +z(x+y) V2(x+y + zj.

Solutie: Inegalitatea mediilor

2x+y+z=

Vv2x(y+z) = >

2ytztx

J2viz+x) < >

2z+x+t+y

Vvaz(y+x) = >

V2r(v+ 2+ 2v(z +x) +22(y +x) < 2(x + ¥ + 2)

M“E(ffx(}r+ ) +y(z+x) +z(y + x]) <2(x+y+2z)
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a b + c EE
12) Daca a,b,c > 0, atunci b+  a+c a+b 2|
Solutie: Notam b +c=x,c+ta=ysia+t b=z
2(a+b+c) =x+y+z
x+y+z
atb+c= 2
xt+y+tz yt+tz—x
in=——x === in=—
2 2
x+y+z x—y+z
b=——"——y == b= -
2 2
x+y—=z
C:
2
a N b N ¢c _ytz—x x—y+tz x+ty—z
b+c c+a a+tb 2x 2y 2z
17y = X zZ x ¥
=—(—+——1+——1+—+—+——1)
2\x  x v ¥y z =
/7y x =z x v = 1 3
=—(—+—+—+—+—+——3)E—[6—3]=—
2\x vy x =z =z ¥ 2 2
.'?(-'2 'l-?2 ZZ X ¥V F
44 =44
13) y: o2 Xz «x P,oricarearﬁx’}r’z}n.

Folosim inegalitatea

a’ + b** ¢ = ab +ac + be

14)

Jla+ )2+ b7+ [(a— )T+ b% = 2va? + b?

L,

. b,ce
,oricare ar fi "’ R.

Solutie: Folosim inegalitatea Mincowschi
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J@a+e)2+b2+(a—e)2+ b2 = J(atec+ta—c)2+ (b+b)?2=4(a? +b?)

132 1V2 . 25
(a2 4 (42 > 2
15) Aratati ca daca a,b > 0, a + b = 1, atunci a b 2
2
x2+y2:_}(x+v) x=a4l _}f=f]—|-l
Solutie: 2 2 7 pentru , b
142 112 1 12 .
(a-l-—} -I-(b-l-g) (a-l- +b+5} 1 1 12 1 a+ b2
EC NG e
2 4 4 a b 4 ab

Egalitate pentru

16) Fie a,b,c > 0 . Sa se demonstreze ca:

ab + be ac {:a+b+c

+ =
atb  b+c a+c 2 In ce conditii are loc egalitatea?

ab = a+hb

Solutie: Se aplica inegalitatea a+b 4 |
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by, by, e, by, € (0, +00)

17) Fie %12 @2s o2y ER si , atunci

af o,

b,y b, by, = by+bs++by

ai - (a, +ag+-+an)®

(Inegalitatea lui H. Bergstrom)

Solutie: Din inegalitatea Cauchy — Buniakovski — Schwartz avem:

aif af az
(—1+—2+---+—“)(b1+b2 4+ +b,)

b, b, b, 2
() () Jm o a)

)+"
= (;—bil-\/b_l—i— —I—j—;_ﬂﬁ) = (a,+-+a,)?

18) Daca a,b,c sunt numere reale, atunci:

Ja+ )2+ b2 +(a—c)?+b? = 2Va? + b?

Solutie: Folosind inegalitatea lui Minkowschi avem:

Jlat+e)l 2+ +la—c) 2+ =Jlatc+a—c)2+(b+b)2=2Va®+ b?

‘e d, brc = [Dr+mj

19) Fi si » numar natural, nenul atunci:

n+i bJ"H-i n+i 1 bﬂ: 1 aZ bz

2
Tt —z——t—+-—z==2++Z=a+b+c
& a

BT chn alt = pn—1 cn—1 alt—1 — b

a
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n__1mn _ n+l n+l n n
Solutie: Din (a b")(a—b) =0 deducem ca +b Za"b+ab , adica
ﬂn+i n
o +b= Py +a
bn+1 bn b I,::il"|:'|'1 n
+c= + +az= 4+
Analog obtinem " oottt si a” Coattt .

Adunand aceste inegalitati se obtin inegalitatile in enunt.

20) Daca a, b, ¢ sunt numere reale, pozitive,nenule, atunci:

+b b+ + 2 1 1 1
a c c+a ‘{( +)

+ = —
aZ+ab+b2 bZ +bc+c? cZ+act+al a\yab  WBe Vea

+b 4 2
- < <——
a+ab+b*  3{a+b) 3vab

Solutie: Demonstram ca: oricare ar fi a, b numere reale

2P o <> 3(a+b)? < 4(a® + ab+b?)
aZ+ab+hb? Ia+b) <=>

<> 3a® + 6ab+3b* = 4a® + 4ab+ 4b* <=> 2ab<=a’+b?

<= (@=b)*=0 (Adevarat)

4 2

2
e S wE Nabsa+b <=>0<(Va—+b) (Adevarat)

Avem:

+b 2
a <2
at+ab+b® 3vab
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b+ 2
£ <2
b2 +bc+c2 3vab

c+a 2
<

c2+ac+a® = 3vab

Prin adunarea acestor inegalitati obtinem inegalitatea din enunt. Egalitate dacaa = b =

C.

ab—l—ac—!—bc:l

€ (0,+%) ygtfel incat 3 .Sase arate ca:

21) Fiea b, ¢

b 1
a c -

a®-bc+1 b2 —ca+1 ct—ab+1 = a+b+c

Solutie: Din inegalitatea H. Bergstorm avem:

Z a _Z a“ - (a+ b +c)? _
a?—bc+1 a®—abc+a a®+b*+c®—3abctat+b+ec

B (a 4+ b +c)? _(a+b+¢)?
(@a+b+c)((a+b+c)*—3(ab+bc+ca))+a+b+c (at+tb+c)s
1
_a-l-b—i-c
£ (0,+o0)

22) Fie q, b, ¢ astfel incat a > b + c. Sa se arate ca

(a+b+CJG+§+§) == 10

E(a,b,c) = (a—l—b—l—c]&—ki%—f)

Solutie: Fie , atunci :
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1 1 4
4= —

Din? ¢ b+c deducem ca:

4 b
E(a,b,c) =5+ —— + <
b+e a
b+c 4
— =t t+-=5
Notam @ avem £ , deoarece ¢ < I, de unde E(a,bic) 2 10,

Folosirea inegalitatilor in rezolvarea unor ecuatii, sisteme

(Vi+L)(2+Vxi—1)=4
. Rezolvati ecuatia W .

Solutie: x > 0

x*=1z20 <=> |x|=1 <=» xe€(-ow,—1]JuL,+0) ___

s XE [1,+00)

= o 42 YI_1
ﬁ+‘v';22si2+ xz_lz_}z,deci (fx—i_«;?)[z-l_fx 1)z <=>

<=

1 1
(ﬁ+ﬁ)(2+1fx2—1)=4 L VEFE=2 2412

=x =]

G

. Rezolvati ecuatia:

1 1
X‘L +—=4X+—=
x W
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1 1
, se—0}a*+—=a+-
Solutie: oricare ar fi R a a

st tlzd+a <=> a*-ad*-a+1=20 <=> (@®-1)(a—-1)=0

«>la-1%a"+a+1) =0 Egalitate pentru a = /

Pentru oricare ar fix > 0

s, 1 2, 1
Xtz xttgzxt

. Rezolvati in R sistemul:

x°+u=yz

VS — U =x=z

ZT=xy
4y 420 +dd =3

. . . Loxttyitzt=xytxz+yz ==
Din primele trei ecuatii: Ty + ytxz+3

= x=y=z=-1

-
&

R astfel incat * 7Y =xTy+1

. X,V E . . . . ..
. Fie - . Determinati valoarea maxima si minima a

numerelor x si y.

'+ 4yt =4x 4y +4 T —4x+ 1147 -4y +1=6

Solutie: <

(2x—1)2+(2y-1)°=6 => {(Ex— 1)2<6

(2y—1)*<6
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—6<2x—1=+6

2c—1] =v6 <== _E =
| 1 :5 £ x £ 1+:..Eu
1-6 1+v6
V6 y < Y
Analog “ Z

Probleme propuse

22
2 oricare ar fi* € [1,+00)

unde cu [x] s-a notat partea intreaga a numarului x

E‘{._L__F_E__+...4_j;.{ 1
z)a)z n+1 n+2 2Zn

1

1 1
1< —4+—+-+
b) n+l  n+2 dn+l , oricare ar fin >2

JE*'JE'+"'+“Jﬂ(ﬂ:FIj{imﬁfﬂ
c) <, oricare ar fi » numar natural, n # 0

1
x*—x+->0
- ,oricare ar fi x nr real

£+@+"-+:-'2']‘1{2']‘1+1:]{E
5 o dn+1 2
4)
3 2 2 2 2 2=
5) VX +y +\f}’ +2°+Vz7 +x —ﬁ(x+:}}+zj,oricarearﬁx,y,znr
reale

4 3 2
6) X"+ X +Xx +x+1}0,oricarearﬁxnrreal
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) 3 2 2 2 [
7) Dacaa,b,c > 0, astfel incata + b + ¢ =2V abc’ atunci @ + b7 +c” = dabce .

8) Dacaa,b,c>00ua+b+c:]’atuncia‘+b-r- + 2 {:1

1-2  2:3 3.4 999-1000
—tZot ozttt —— < 253
9) Sa se arate ca 5 7 1999 .
10) Oricare ar fi x,y,z > 0 avem:
x ¥y =z 3
+ + ==
x+2y+2z y+2x+2z z+2y+2x 5

= 2 4
11) abe(a+b+c)<a*+b*+c , a,b,c numere reale

12) Oricare ar fi x,y,z numere reale avem:

3x%+3y2+322 +12 = 4/3(x+ y + 2)

13) Oricare ar fi a,b,c numere reale, pozitive, nenule avem:

2 bE 2
L+ +Z=2(a+b+c)?
b a 3

c

Vx + *\."E + V= - 3 1
14) (x+y) (x+z)  (y+x)ly+z)  (E+)E+x)  44xyz , X,,z numere reale,
pozitive, nenule
15) Demonstrati ca daca ™ ¥ © € [l],+m]’ atunci :
1 1 1 - 3

Xx+2y+3z  y+2z+3x  z+2x+3y 2{x+y+z)

16) Aflati numerele reale x cu proprietatea ca [x+1| + [x-1] =2



